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Abstract
Shift-symmetric Horndeski theories admit an interesting class of Schwarzschild black hole so-
lutions exhibiting time-dependent scalar hair. By making use of Lemaˆıtre coordinates, we
analyze perturbations around these types of black holes, and demonstrate that scalar pertur-
bations around black hole backgrounds inevitably have gradient instabilities. Taken together
with previously established results, this newly-discovered instability rules out black holes with
time-dependent scalar hair in Horndeski theories.
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1 Introduction
The past decade has seen stunning successes of observational efforts to elucidate the properties
of astrophysical black holes, with two of the most high-profile results being the measurement of
gravitational waves by the LIGO collaboration [1], and the imaging of super massive black hole
shadows by the Event Horizon Telescope [2]. These remarkable achievements have paved the way
for a new era of black hole science. One way to interpret these results is as a direct vindication
of well-known predictions of General Relativity (GR). However, as is frequently the case with
breakthrough observations, it is also possible to turn these measurements into new precision tools
with which to probe theoretical ideas that go beyond our already established theories. In particular,
there exist candidate theories of modified gravity that are consistent with existing observations,
and some of these are of interest as possible explanations for a number of unexplained cosmological
observations. As black hole observations offer increasing precision and statistics, they provide
an invaluable tool with which to constrain, rule out, or perhaps find support for some of these
theoretical constructions. One example of such an observable is the tails of gravitational waves from
the ringdown phase of black hole mergers. The ringdown phase is characterized by quasinormal
modes of the system [3] which are sensitive to new operators in modified gravity. Hairy black hole
solutions in some modified gravity theories are known to give rise to quasinormal modes that differ
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from the predictions of GR, and hence that are amenable to testing in this way.
One reasonably general class of modified gravity theories can be obtained by considering all scalar-
tensor operators (those involving just the metric and a real scalar field) that give rise to second
order equations of motion (and hence avoid the existence of “Ostrogradsky” ghost instabilities [4]).
Models captured by this framework are known as Horndeski theories [5], which can be shown to
be equivalent to generalized Galileon theories in curved space-time [6–8]. This class of theories has
been further enlarged with Gleyzes-Langlois-Piazza-Vernizzi (GLPV) [9] and Degenerate Higher
Order Scalar-Tensor (DHOST) [10–14] theories, which include Horndeski as a special case.
It is well-known that, in general, there are many examples of static hairy black hole solutions to
these theories. For example, the class of solutions admitting a hairy profile with a radially dependent
scalar field φ(r) is well understood [15–23], and the general situation is analyzed in [24, 25], with [26]
providing an analysis from the effective field theory point of view.
While these static solutions are interesting and yield powerful constraints, an equally important
class of solutions are the cosmological ones, which are, of necessity, time-dependent. Among the
allowed possibilities, some classes of shift-symmetric Horndeski theories admit particularly distinc-
tive cosmological features, and are worthy of closer study. Recent studies of these theories have
uncovered various hairy black hole solutions with non-trivial scalar profiles [23, 27–34], in which the
scalar field depends linearly on time, as in the well-known example of the black hole solution [35]
in ghost condensate theory [36]. Note that all of these hairy black hole solutions evade the no-
hair theorem for Galileons proven in [37], since the time-dependent scalar field does not inherit all
symmetries of the space-time. While these time-dependent solutions are intriguing, recent analyses
have established that many of them suffer from fatal instabilities [30, 38–40], implying that they
cannot be realized in the real world.
In this work we focus on a subclass of possible Horndeski theories of particular interest in cos-
mology — those with a shift symmetry for the scalar field. We construct new time-dependent
hairy black hole solutions to these theories, completing the taxonomy of such examples within the
Horndeski class. We then carry out a comprehensive analysis of perturbations around these solu-
tions, and demonstrate that they also exhibit an inevitable instability. Taken together with earlier
results, we conclude that our calculations rule out the possibility of scalar hair with linear time
dependence in shift-symmetric Horndeski theories.
2 Black hole solutions in shift-symmetric Horndeski
We consider the most general Horndeski theory [5] with shift symmetry φ→ φ+ constant,
S =
∫
d4x
√−g
[
L2 + L3 + L4 + L5
]
, (2.1)
with
L2 = P (X) ;
3
L3 = G3(X)φ ;
L4 = G4(X)R+G4,X(X)
[
(φ)2 − φµνφµν
]
;
L5 = G5(X)Gµνφµν − 1
6
G5,X(X)
[
(φ)3 + 2φ νµ φ αν φ µα − 3φµνφµνφ
]
, (2.2)
where X ≡ −12gµν∂µφ∂νφ, and φµν ≡ ∇µ∇νφ.1 The function P (X) is chosen such that it admits
a ghost condensate background solution X = X¯ = constant [41], for which
P (X¯) = P,X(X¯) = 0 . (2.3)
As a specific example, one could choose P (X) =
(
X − X¯)2. With this choice, the theory con-
taining L2 alone is already of cosmological interest, since inflation can be driven by the kinetic
energy of the field [36] and gives rise to distinctive non gaussianities [36, 42]. In the late universe,
perturbations around the ghost condensate in an isotropic, homogeneous cosmology then behave
like dark matter [43].
Most relevant to our analysis are the ghost condensate black hole solutions studied in [35], where
it was pointed out that perturbations around such black hole backgrounds are unstable, as they also
are in flat space. More precisely, the kinetic matrix of perturbations is degenerate, and therefore the
sound speed vanishes. Treated as an effective theory, it is then possible to include higher derivative
terms that stabilize the dispersion relation.
In the broader context of GLPV [9] and DHOST [10–14] theories, several further classes of hairy
black hole solutions have been discovered [27–31]. In the case of shift-symmetric quadratic DHOST
theories, new classes of black hole solutions were derived and further investigated in [32], where it
was shown that under the conditions
G3,X(X¯) = G4,X(X¯) = G4,XX(X¯) = G5,X(X¯) = G5,XX(X¯) = 0 , (2.4)
the equation of motion for φ is automatically solved, while the Einstein equations reduce to
Gµν =
1
2G4(X¯)
(
P (X¯)gµν + P,X(X¯)∂µφ∂νφ
)
. (2.5)
With P,X(X¯) = 0, these are immediately recognized as the Einstein equations with effective cos-
mological constant Λeff = − P (X¯)2G4(X¯) . Therefore for a suitable choice of P¯ , dS/AdS Schwarzschild
black holes are solutions to the theory (2.1).
Alas, as shown in [40], such black hole solutions also suffer from the same problem that the
kinetic matrix vanishes on the background, indicating once again that the solution lies in the
strongly coupled regime where the effective theory cannot be trusted. There is, however, a possible
loophole. As already pointed out in [32], the conditions G4,X(X¯) = G4,XX(X¯) = 0 are in fact
1 Conventions: We work in mostly plus signature and use the curvature conventions Rρσµν = ∂µΓ
ρ
νσ + . . . and
Rµν = R
ρ
µρν . We denote the reduced Planck mass by MPl = (8piGN)
−1/2.
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unnecessary — black hole solutions exist for an arbitrary choice of G4(X). (Below we will show
explicitly how this comes about.)
Our goal in this paper is to capitalize on this additional freedom and to seek new black hole solu-
tions with arbitrary G4(X). We hope that in doing so the strongly coupled regime can be avoided,
and we find that having a general G4(X) does indeed result in a non-degenerate kinetic matrix,
as desired. However, unfortunately one perturbation mode around these background solutions un-
avoidably propagates with imaginary sound speed, signaling a gradient instability. Although we
will demonstrate this with a complete stability analysis, including both scalar and metric pertur-
bations, the instability can already be seen in the decoupling limit where mixing with gravity is
ignored, as discussed in Sec. 2.2.
2.1 Black hole solutions with arbitrary G4(X)
The scalar and gravitational equations for the shift-symmetric Horndeski theory (2.1) are respec-
tively given by
Eφ2 + Eφ3 + Eφ4 + Eφ5 = 0 ;
T2µν + T3µν + T4µν + T5µν = 0 , (2.6)
where Eφi and Tiµν derive from the corresponding Li in (2.2). The explicit expressions for Eφ3 , Eφ5 , T3µν ,
and T5µν , which derive from L3 and L5, will be of secondary interest to us and can be found in
Appendix C. Suffice to say that their vanishing requires
G3,X(X¯) = G5,X(X¯) = G5,XX(X¯) = 0 (2.7)
for some X¯ = constant. As mentioned earlier, however, these conditions also imply that L3 and L5
do not contribute to the sound speed [40]. For this reason we will be primarily interested in L2
and L4.
The contributions of L2 and L4 to the scalar equation of motion are given by
Eφ2 = ∇µ (P,X∂µφ) ;
Eφ4 = ∇µ
((
G4,XR+G4,XX
[
(φ)2 − φµνφµν
] )
∂µφ+ 2∇ν
(
G4,X [φgµν − φµν ]
))
, (2.8)
while their contributions to the energy-momentum tensor are
T2µν = gµνP + P,X∂µφ∂νφ ;
T4µν = gµν
[
G4R+G4,X
(
φρσφ
ρσ − (φ)2 + 2Rρσ∂ρφ∂σφ
)− 2G4,XX(∂ρX∂ρX +φ∂ρφ∂ρX)]
− 2G4Rµν − 2G4,X
(
φρµφνρ + 2∂(µφRν)ρ∂
ρφ+Rρµσν∂
ρφ∂σφ
)
+ 2
(
G4,Xφ+G4,XX∂ρφ∂ρX
)
φµν +
(
G4,XR+G4,XX
(
(φ)2 − φρσφρσ
))
∂µφ∂νφ
+ 2G4,XX
(
2φ∂(µφ∂ν)X + ∂µX∂νX − 2∂ρXφρ(µ∂ν)φ
)
. (2.9)
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It is easy to see that Eφ2 vanishes on a black hole background with X = X¯ = constant provided that
P,X(X¯) = 0, while T2µν vanishes if, furthermore, P (X¯) = 0. Henceforth let us denote the constant
X solution as
X¯ ≡ 1
2
Λ4 . (2.10)
Following [35] it is convenient to work in Lemaˆıtre coordinates, since these greatly simplify the
analysis compared to Schwarzschild coordinates. For a static Schwarzschild black hole these take
the form
ds2 = −dτ2 + rs
r
dρ2 + r2dΩ22 , (2.11)
where r is the usual Schwarzschild radial coordinate, and
τ = t+ 2
√
rrs + rs ln
∣∣∣∣√r −√rs√r +√rs
∣∣∣∣ ; ρ = τ + 23rs
(
r
rs
)3/2
. (2.12)
These imply
r =
[
3
2
(ρ− τ)
]2/3
r1/3s . (2.13)
(In Appendix A we give the general form of a static, spherically-symmetric space-time in Lemaˆıtre-
type coordinates.) The advantage of Lemaˆıtre coordinates is that (2.10) can be satisfied simply by
a linear time-dependent profile:
φ¯(τ) = Λ2τ . (2.14)
It remains to show that the L4 contributions to the equations of motion vanish on this background.
To do so, we will make use of the following two identities satisfied by the linear profile (2.14):
∇ν
(
φ¯gµν − φ¯µν) = 0 ; (2.15a)
φ¯φ¯µν − φ¯ρµφ¯νρ −RBHρµσν∂ρφ¯∂σφ¯ = 0 , (2.15b)
where RBHρµσν is the Riemann tensor for the metric (2.11). The trace of the latter gives
(φ¯)2 − φ¯ρσφ¯ρσ = 0 . (2.16)
Using (2.15)−(2.16), together with X = constant and RBH = 0, it is easy to see that Eφ4 and T4µν
vanish. Interestingly, nothing in this analysis so far constrains the function G4(X) or its derivatives
— a Schwarzschild black hole with linear profile (2.14) is an exact solution to the field equations
for arbitrary G4(X).
2
2If the Horndeski theory is regarded as an effective field theory, the black hole entropy can provide a constraint
on effective operators. The Wald entropy [44] of black holes in any covariant modified gravity theory is given by
SWald =
∮
Σ
δL
δRµνρσ
µνρσ, ∇µξν
∣∣
Σ
= κµν , (2.17)
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Incidentally, there exist other solutions to the field equations describing a Schwarzschild black
hole (2.11) and scalar field profile satisfying X = constant. For instance, instead of (2.14) another
possibility is
φ(r) = Λ2
[√
r(r − rs) + rstanh−1
(
1− rs
r
)]
. (2.19)
However, this solution does not satisfy the identities (2.15)−(2.16). Requiring this type of ansatz
to solve the Einstein equations further requires G4,X(X¯) = G4,XX(X¯) = 0, which, as mentioned
earlier, results in a vanishing sound speed.
2.2 Scalar perturbations around fixed black hole background
Before carrying out a complete stability analysis, it is instructive to examine the stability of the
scalar profile (2.14) on a fixed Schwarzschild black hole background. In other words, we ignore
the backreaction of scalar perturbations. One reason to do this is that the analysis is significantly
simpler than the full gravitational treatment. Another reason is that the approximation of ignoring
dynamical gravity is reasonable in decoupling regions of parameter space where gravitational mixing
can be neglected, as detailed below, as well as in the case of ` = 1 metric perturbations, where
tensorial perturbations are expected to be non-dynamical.
Perturbing (2.14) around the fixed Schwarzschild background,
φ(τ, ~x) = Λ2
(
τ + pi(τ, ~x)
)
, (2.20)
the action for the perturbation pi(τ, ~x) at quadratic order is
Lpiquad = Λ4
(
P¯,XX g¯
ττ (∂τpi)
2 + 4G¯4,XX
rs
r3
g¯ρρ(∂ρpi)
2 − 2G¯4,XX rs
r3
g¯ABΩ2 ∂Api∂Bpi
)
, (2.21)
where P¯,XX ≡ P,XX(X¯) etc., and the inverse metric components can be read off from (2.11). In par-
ticular, g¯ABΩ2 is the metric on the two-sphere, with A,B indices denoting the angular variables θ, ϕ.
The radial and angular sound speeds can be immediately identified:
c2ρ = 4
G¯4,XX
P,XX
rs
r3
; c2θ,ϕ = −2
G¯4,XX
P,XX
rs
r3
. (2.22)
Note that the sound speeds vanish for G¯4,XX = 0, as must be the case for the standard solu-
tion (2.19).
where Σ is the bifurcation surface and κ is the surface gravity. Evaluated on the above solution,
S =
A
4GN
(
2
M2Pl
G¯4(X¯)
)
, (2.18)
where A = 4pir2s is the area of the horizon. It is argued that in a healthy effective field theory of gravity, the correction
to the Wald entropy must be positive compared to pure GR [45]. The spirit behind this is closely related to unitarity
and causality in the UV complete theory [46]. Comparing with G4 =
MPl
2
in GR, this demands that G¯4 ≥ M
2
Pl
2
.
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As hoped, allowing for general G4(X) results in non-vanishing propagation speeds. Unfortunately,
as is clear from (2.22), the relative sign between radial and angular squared sound speeds is negative,
c2ρ = −2c2θ,ϕ , (2.23)
indicating an instability irrespective of the choice of G4(X). This is suggestive, but not conclusive,
since these expressions will inevitably be altered when taking into account perturbations of the
metric tensor. Nevertheless we anticipate (2.22) to hold approximately in parametric regimes
where gravitational mixing can be ignored.
Indeed, the comprehensive analysis using scalar-vector-tensor (SVT) decomposition on the two-
sphere will be done in the next Section. Looking ahead at the exact result (4.24), with g1 and g2
defined in (3.11) and (4.7), respectively, we see that the scalar sound speeds reduce to (2.22) in the
limit
G¯4  Λ4G¯4,X , Λ8G¯4,XX ,
G¯24,X
G¯4,XX
. (2.24)
This intuitively makes sense — from (2.2) one can interpret G¯4 as setting the effective Planck scale,
and the above states that a large G¯4 ensures decoupling. Interestingly, while c
2
ρ and c
2
θ,ϕ individually
receive gravitational corrections in the complete analysis, we will find that the relation (2.23) is
preserved in the ` = 1 sector, with the same proportionality constant. Intuitively, this is because
tensorial metric perturbations are non-dynamical in the ` = 1 sector.
3 Full metric perturbation analysis: Parity-odd sector
We now carry out the full perturbation analysis, taking into account both perturbations of the
scalar field, and those of the metric, to which they are unavoidably coupled. The perturbed metric
is
gµν = g¯µν + hµν , (3.1)
where g¯µν is the background black hole metric (2.11), and hµν is the perturbation. The perturbed
scalar field is
φ(τ, ~x) = Λ2
(
τ + pi(τ, ~x)
)
. (3.2)
Since our background enjoys spherical symmetry, hµν can be decomposed into scalar, vector and
tensor harmonics on the two-sphere [47]. Just like the scalar-vector-tensor (SVT) decomposition
in R3 can be conveniently done in terms of Fourier components, the SVT decomposition on the two-
sphere is carried out using spherical harmonics Y m` (θ, ϕ). As reviewed in Appendix B, vector and
tensor spherical harmonics can be expressed in terms of derivatives of Y m` . For example hτB is a vec-
tor on the two-sphere such that it can be decomposed as hτA =
∑
`,m
[
α`m∇A + h`m0  BA ∇B
]
Y m` ,
where AB and ∇A are the Levi-Civita tensor and covariant derivative on the two-sphere, respec-
tively.
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Under the parity transformation (θ, ϕ)→ (pi− θ, ϕ+pi), each term in the SVT expansion for hµν
picks up either a factor of (−1)` or (−1)`+1. Hence these are referred to respectively as even and
odd perturbations [47]. Following this convention, the metric perturbation can be decomposed into
even-sector and odd-sector pieces:
hµν = h
odd
µν + h
even
µν . (3.3)
Because the theory (2.1) is parity invariant, these decouple at linear order. Meanwhile, the scalar
perturbation pi belongs to the parity-even sector.
As usual, hµν is not unique, as it changes under small diffeomorphisms. Analogously to (3.3), a
general diffeomorphism vector ξµ can also be decomposed into odd-sector and even-sector parts,
ξµ = ξµodd + ξ
µ
even . (3.4)
In this Section we begin with the parity-odd sector, while the analysis of the even sector will be
discussed in Sec. 4.
We are fortunate that the perturbation analysis for the odd sector has already been carried out [33,
38]. Nevertheless, it is instructive to repeat the analysis here, using instead our preferred Lemaˆıtre
coordinates. We will see that working with Lemaˆıtre coordinates simplifies things significantly, and
it is this simplification that will enable us to perform the even sector analysis below.
In this basis, a general odd-sector metric perturbation takes the form
hoddµν =
∑
`,m
 0 0 h
`m
0 
B
A ∇B
0 0 h`m1 
B
A ∇B
h`m0 
B
A ∇B h`m1  BA ∇B h`m2  C(A ∇B)∇C
Y m` (θ, ϕ) . (3.5)
Each term in the sum has parity (−1)`+1 under (θ, ϕ)→ (pi− θ, ϕ+pi). Meanwhile, the parity-odd
part of the diffeomorphism vector (3.4) can be expressed as
ξµodd =
∑
`,m
(
0, 0, ξ`mAB∇B
)
Y m` (θ, ϕ) . (3.6)
Under such a diffeomorphism, xµ → xµ + ξµodd, the metric functions h`m0 , h`m1 and h`m2 transform as
δh0 = −ξ˙ + 2 r˙
r
ξ ;
δh1 = −ξ′ + 2r
′
r
ξ ;
δh2 = −2ξ , (3.7)
where we have suppressed `, m indices for simplicity. Furthermore, here and henceforth, ( )′ and ( )˙
denote ρ and τ differentiation, respectively. We use this gauge freedom to set
h2 = 0 , (3.8)
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which is the Regge-Wheeler gauge. Furthermore, from (3.7) we can identify a gauge-invariant linear
combination of h0 and h1:
h′0 − h˙1 − 2
r′
r
h0 + 2
r˙
r
h1 = h
′
0 − h˙1 − 2
√
rs
r3
(h0 + h1) , (3.9)
where in the last step we have used (A.7). Note that this gauge-invariant quantity is identical to
that of pure gravity [48], since scalar perturbations do not enter the calculation.
After integrating out the angular coordinates, the quadratic action for odd perturbations reduces
to
Lodd = g1
2
√
r
rs
(
h′0 − h˙1 − 2
√
rs
r3
(h0 + h1)
)2
+
`(`+ 1)− 2
2r2
(
g1
√
rs
r
h20 − G¯4
√
r
rs
h21
)
, (3.10)
where the implicit (`,m) indices are summed over, and where we have defined
g1 ≡ G¯4 − Λ4G¯4,X . (3.11)
The quantity inside the parentheses in the first term is immediately recognized as the gauge-
invariant combination (3.9). We exploit this by introducing an auxiliary field Ψ into the Lagrangian,
Lodd = g1
√
r
rs
[
Ψ
(
h′0 − h˙1 − 2
√
rs
r3
(h0 + h1)
)
− Ψ
2
2
]
+
`(`+ 1)− 2
2r2
(
g1
√
rs
r
h20 − G¯4
√
r
rs
h21
)
.
(3.12)
The equation of motion for Ψ sets it equal to the gauge-invariant combination (3.9), and substitution
back into (3.12) reproduces the original action (3.10). Instead, we express h0 and h1 in terms of Ψ
through their equations of motion,
h0 =
1
`(`+ 1)− 2
r2
rs
(
rΨ′ +
5
2
√
rs
r
Ψ
)
;
h1 =
1
`(`+ 1)− 2
g1
G¯4
r
(
rΨ˙− 5
2
√
rs
r
Ψ
)
. (3.13)
This is valid for ` ≥ 2. The case ` = 1 must be treated separately, since the dipole components of
the two degrees of freedom h0 and h1 correspond to a pure gauge mode and a small rotation into
Kerr black hole [48]. Substituting (3.13) back into the action (3.12), we obtain
Lodd = g1
2
√
r
rs
1
`(`+ 1)− 2
{
r2
(
g1
G¯4
Ψ˙2 − r
rs
Ψ′2
)
+
1
4
[
15
g1
G¯4
rs
r
+ 3− 4`(`+ 1)
]
Ψ2
}
. (3.14)
Thus the parity-odd perturbations are encoded in the gauge-invariant mode functions Ψ.3 Inspec-
tion of (3.14) allows us to determine the stability of this sector. The coefficient of Ψ˙2 is manifestly
3In the special case G4,X = 0 (i.e., g1 = G4), the action (3.14) reduces to the GR result, and its equation of
motion corresponds to a Regge-Wheeler type equation in Lemaˆıtre coordinates.
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positive, hence there is no ghost. From the form of the kinetic term, and recalling that gρρ = rrs ,
we can read off the radial sound speed
c2ρ =
G¯4
g1
=
G¯4
G¯4 − Λ4G¯4,X . (3.15)
Requiring subluminal propagation imposes the constraint
Λ4G¯4,X < 0 . (3.16)
The third stability requirement is that the “mass” term in (3.14) has the correct sign, but this is
guaranteed for all ` ≥ 1 once (3.16) is satisfied. Additionally, there are of course tight observational
limits on the propagation speed of gravitational waves from neutron star mergers [49–51].
4 Parity-even sector
We now turn to even-sector perturbations. Working in Lemaˆıtre coordinates is critical here — the
calculation below, while still formidable in Lemaˆıtre coordinates, would be nearly impossible in
Schwarzschild coordinates.
Analogously to (3.5), a general parity-even metric perturbation hevenµν can be parameterized as
hevenµν =
∑
`,m
 H`m0 H`m1 α`m∇AH`m1 rsr H`m2 β`m∇A
α`m∇A β`m∇A r2K`mgAB +Q`m∇A∇B
Y m` (θ, ϕ) , (4.1)
where gAB is the metric tensor on the two-sphere. The metric coefficients are all scalar functions
of the Lemaˆıtre coordinates ρ and τ . Each term has parity (−1)` under (θ, ϕ) → (pi − θ, ϕ + pi).
Similarly, the scalar perturbation pi defined in (3.2) can be expanded as
pi =
∑
`,m
pi`m(τ, ρ)Y m` (θ, ϕ) , (4.2)
with each term having parity (−1)`.
The parity-even part of the diffeomorphism vector (3.4) can be expressed as
ξµeven =
∑
`,m
(
T `m, R`m, Θ`mgAB∇B
)
Y m` (θ, ϕ) , (4.3)
where T `m, R`m and Θ`m are all functions of (τ, ρ). Under a such diffeomorphism, xµ → xµ+ξµeven,
the metric coefficients transform as
δH0 = 2T˙ ; δH1 = T ′ − rs
r
R˙ ; δH2 = r˙
r
T + r
′
r
R− 2R′ ;
δα = T − r2Θ˙ ; δβ = −rs
r
R− r2Θ′ ;
δK = −2 r˙
r
T − 2r
′
r
R ; δQ = −2Θ ,
(4.4)
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where `, m indices have been suppressed to avoid clutter. As in the odd sector, it is once again
possible to identify gauge-invariant combinations. However we will find it more convenient to use
the above gauge freedom to pick a suitable gauge, making sure that no constraint is lost in the
process.
In what follows we will treat the monopole (` = 0) and dipole (` = 1) cases separately, followed
by a general analysis for arbitrary `. Because the constraints are significantly more complex in the
general case, we will only be able to provide an incomplete analysis, which we hope can form the
basis of future investigations.
4.1 Monopole perturbation
The monopole (` = 0) perturbation is a special case, as the variables α, β and Q do not exist in
this case. The gauge function Θ is also absent. The remaining two gauge functions T and R can
be used to impose the gauge choice
H0 = K = 0 , (4.5)
leaving us with H2 and pi as degrees of freedom. The Lagrangian density then reduces to
L(`=0)even =
1
2
P¯,XXΛ
8
√
rsr3p˙i
2 + 2
(
G¯4 − 2g1 − g2
)√rs
r
pi′2
+
G¯4
2
√
rs
r
H22 +H2
(
2(g1 + g2)rsp¨i − 2(G¯4 − g1)
√
rs
r
pi′
)
+ rH1
(
2g1H˙2 − 4(g1 + g2)p˙i′
)
, (4.6)
where the implicit (`,m) indices are summed over, and where we have defined
g2 ≡ −G¯4 + 2Λ4G¯4,X + Λ8G¯4,XX . (4.7)
Clearly, H1 is a Lagrange multiplier, and the corresponding constraint can be solved by
H2 = 2
g1 + g2
g1
pi′ . (4.8)
Note that we have chosen the physical boundary condition such that there is no constant piece
in time. (In fact, a constant shift in H2 corresponds to a shift of integration constant of the
background [25] which can be absorbed into rs. We are not interested in a mere change of the
background solution.)
Substituting (4.8) into the Lagrangian yields
L(`=0)even =
√
rs
r
(
1
2
P¯,XXΛ
8r2p˙i2 + 2
g2
g21
(
g21 + G¯4g2
)
pi′2
)
. (4.9)
From this we can infer that absence of ghost requires
P¯,XX > 0 , (4.10)
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just as in the case of a ghost condensate, while gradient stability requires
g2
(
g21 + G¯4g2
)
< 0 . (4.11)
Using the fact that gρρ = rs/r, we obtain the radial sound speed
4
c2ρ = −4
g2(g
2
1 + G¯4g2)
g21Λ
8P¯,XX
rs
r3
= 4
(G¯24,X + G¯4G¯4,XX)(G¯4 − 2Λ4G¯4,X − Λ8G¯4,XX)
(G¯4 − Λ4G¯4,X)2P¯,XX
rs
r3
. (4.12)
Below we will find an identical radial sound speed for ` = 1, which makes sense, since scalar modes
should propagate radially at the same speed independent of the multipole moment. From (4.12) we
can derive a constraint by demanding subluminality. However, we will not bother to do so, because
in the ` = 1 case below we will discover a more worrisome pathology, namely that it is impossible
to satisfy c2ρ > 0 while at the same time having stable propagation in the angular directions.
4.2 Dipole perturbation: instability of the scalar mode
This subsection describes the main result of our paper. The dipole case, ` = 1, is a special case for
a different reason. Although not a priori obvious, it turns out that the angular part of the metric
perturbations, hAB, is diagonal and depends only on the combination r
2K − Q [48]. This allows
us to choose a gauge in which
H0 = β = r
2K −Q = 0 , (4.13)
leaving us with four component fields: H1, H2, α and pi.
Up to total derivatives, the resulting quadratic Lagrangian takes the form
L(`=1)even =
Λ8
2
P¯,XX
√
rsr3p˙i
2 + 2
(
G¯4 − 2g1 − g2
) (rs
r
)3/2( r
rs
pi′2 − 1
r2
pi2
)
− 2(g1 + g2) rs
r2
αp˙i
+
G¯4
2
√
rs
r
H22 +H2
(
2(g1 + g2)rsp¨i − 2(G¯4 − g1)√rsr
(pi
r
)′
+ 2g1
√
rs
r3
(rα)·
)
+ g1
√
r
rs
H21 +H1
(
2g1rH˙2 − 4(g1 + g2)rp˙i′ − 2g1
√
r
rs
α′
)
+ g1
√
r
rs
α′2 , (4.14)
with implicit (`,m) indices summed over. As in the monopole case, H1 is once again non-dynamical
(though not a Lagrange multiplier). Its equation of motion gives
H1 =
√
rs
r
(
−rH˙2 + 2g1 + g2
g1
rp˙i′
)
+ α′ . (4.15)
Substituting this back into (4.14) and integrating by parts, it is easy to see that α becomes a
Lagrange multiplier, with the constraint it imposes given by
rH˙ ′2 + 2
√
rs
r
H˙2 +
3
2
rs
r2
H2 =
g1 + g2
g1
(
2
(
rp˙i′
)′ − rs
r2
p˙i
)
. (4.16)
4Note that the above sound speed vanishes in the special case G¯4,X = G¯4,XX = 0, consistent with earlier re-
sults [40]. In this limit the effective theory describing perturbations breaks down, as it exhibits a strong coupling
problem.
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Remarkably, by performing the field redefinition
h2 ≡ H2 − 2g1 + g2
g1
r
(pi
r
)′
, (4.17)
the constraint (4.16) reduces to an equation for h2 only:
rh˙′2 + 2
√
rs
r
h˙2 +
3
2
rs
r2
h2 = 0 . (4.18)
Writing the Lagrangian in terms of pi, h2 and α, we then obtain
L(`=1)even =
Λ8
2
P¯,XX
√
rsr3p˙i
2 + 2
g2
g21
(
g21 + G¯4g2
) (rs
r
)3/2( r
rs
pi′2 − 1
r2
pi2
)
+ 2(g1 + g2)
(
rsp˙i + 3
(rs
r
)3/2
pi
)
h˙2 − g
2
1 + G¯4g2
g1
√
rs
r
pi
(
2h′2 +
√
rs
r3
h2
)
− g1
√
rsr3h˙
2
2 +
G¯4
2
√
rs
r
h22 − 2g1α
(
rh˙′2 + 2
√
rs
r
h˙2 +
3
2
rs
r2
h2
)
. (4.19)
Thus, the constraint (4.18) imposes a particular form for h2. Focusing on the propagating degree
of freedom pi, we find that its radial sound speed is
c2ρ = −4
g2(g
2
1 + G¯4g2)
g21Λ
8P¯,XX
rs
r3
. (4.20)
As expected, this matches the result (4.12) for ` = 0, since scalar modes with different ` should
have the same radial sound speed. The absence of ghosts and radial gradient stability (c2ρ > 0)
require
P¯,XX > 0 ; g2
(
g21 + G¯4g2
)
< 0 . (4.21)
Not surprisingly, these are identical respectively to the conditions (4.10) and (4.11) found in the
monopole case.
A key difference is the effective mass term, which can be read off from the last term in the first
line of (4.19):
− 1
2
m2eff(r)pi
2 = −2g2
g21
(
g21 + G¯4g2
) (rs
r
)3/2 pi2
r2
. (4.22)
It follows from (4.21) that m2eff(r) < 0, and hence that dipole perturbations suffer from a tachyonic
instability.
However, one should keep in mind that the effective mass term originates from angular derivatives
acting on pi, like the centrifugal term in the radial wave equation. Indeed, we expect that the angular
sound speed is related to the canonical mass term via
m2eff, canonical(r) =
`(`+ 1)
r2
c2θ,ϕ . (4.23)
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With ` = 1, we can read off from (4.19) after canonically normalizing pi that
c2θ,ϕ = 2
g2(g
2
1 + G¯4g2)
g21Λ
8P¯,XX
rs
r3
= −1
2
c2ρ . (4.24)
Since c2ρ = −2c2θ,ϕ, a gradient instability in either the radial or angular direction seems inevitable.
A word of caution is necessary, however, since to rigorously establish a gradient instability in
the angular directions would require proving that cθ,ϕ is indeed independent of multipole moments
and given by (4.24) for all `. This seems plausible because, on the one hand, we have shown that
a gradient instability in either the radial or angular direction is indeed inevitable at least in the
decoupling limit. On the other hand, as already mentioned at the end of Sec. 2.2, although c2ρ and
c2θ,ϕ independently receive gravitational corrections, the relation c
2
ρ = −2c2θ,ϕ is maintained with the
same proportionality constant. This gives credence to the expectation that this relation, and the
gradient instability it entails, is maintained for higher ` as well. A rigorous proof of this statement
will require completing the general analysis of Sec. 4.3, which we leave for future work.
What the dipole analysis unambiguously shows is that the parity-even ` = 1 sector suffers at the
very least from a tachyonic instability. This indicates that the hairy black hole solution is not the
correct background about which to perturb. If the instability is promoted to a gradient instability,
as discussed above, this would have the more fatal implication that the hairy black hole solution
lies outside the regime of validity of the effective theory.
4.3 General multipoles: preliminary results
For completeness, in this Section we present a partial treatment of perturbations with arbitrary
multipoles. Because the analysis is considerably more complex in the general case, we can only
provide an incomplete analysis.
The most convenient gauge we have found in the general case is
H0 = K = Q = 0 , (4.25)
leaving us with five component fields: H1, H2, α, β and pi. Up to a total derivative, the quadratic
Lagrangian is
L(`)even =
Λ8
2
P¯,XX
√
rsr3p˙i
2 + 2
(
G¯4 − 2g1 − g2
) (rs
r
)3/2( r
rs
pi′2 − `(`+ 1)
2r2
pi2
)
+
G¯4
2
√
rs
r
H22
+ H2
[
2(g1 + g2)rsp¨i − 2(G¯4 − g1)
(√
rs
r
pi′ − `(`+ 1) rs
r2
pi
)
+ g1
`(`+ 1)
r
(√
rs
r
(rα)· − β
)]
+
1
2
`(`+ 1)g1
√
r
rs
H21 +H1
[
2g1rH˙2 − 4(g1 + g2)rp˙i′ − g1`(`+ 1)
√
r
rs
(
α′ +
(rβ)·
r
)]
+
1
2
`(`+ 1)g1
√
r
rs
α′2 +
`(`+ 1)
r2
g1α
[
−g1 + g2
g1
rsp˙i +
1√
rs
(
r5/2β˙
)′
+ 2 (rβ)′
]
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+
1
2
g1
√
r
rs
β˙2 + 2(G¯4 − g1)`(`+ 1)β
(pi
r
)′
, (4.26)
where, as before, implicit (`,m) indices are summed over. Ignoring β, we see that this correctly
matches the Lagrangians (4.6) and (4.14) with ` = 0 and ` = 1, respectively. Once again H1 is
non-dynamical, and its equation of motion fixes its value to
H1 =
2
`(`+ 1)
√
rs
r
(
−rH˙2 + 2g1 + g2
g1
rp˙i′
)
+ α′ +
(rβ)·
r
. (4.27)
Substituting into (4.14) and integrating by parts, α becomes a Lagrange multiplier, imposing the
constraint
rH˙ ′2 +
(
`(`+ 1)
2
+ 1
)√
rs
r
H˙2 +
3
4
`(`+ 1)
rs
r2
H2 =
`(`+ 1)
2
(
2
√
r
rs
β˙′ +
3
r
β˙ +
β′
r
+ 3
√
rs
r5/2
β
)
+
g1 + g2
g1
(
2
(
rp˙i′
)′ − `(`+ 1) rs
r2
p˙i
)
. (4.28)
Ignoring the β terms, this matches (4.16) with ` = 1.
On the face of it, (4.28) is quite a complicated constraint. However, there exists a convenient
field definition,
β ≡ B + 2r
`(`+ 1)
(
(rH2)
′ − g1 + g2
g1
√
rsr
(χ
r
)′)
;
pi = χ− g1
g1 + g2
√
r3
rs
H2 , (4.29)
which removes all terms containing derivatives of H2. The constraint is then solved by
H2 = −1
3
g1 + g2
g1
χ˙
r
+
`(`+ 1)
`(`+ 1)− 2
r
rs
(
2
3
√
r
rs
B˙′ +
B˙
r
+
B′
3r
+
√
rs
r5/2
B
)
. (4.30)
Substitution into (4.29) allows one to express β and pi as linear combinations of χ, χ˙, B, B˙ and
their spatial derivatives, which therefore represents an invertible field redefinition.
Inserting all these quantities back into (4.26), one obtains a Lagrangian density in terms of
only two variables, χ and B, albeit including higher time-derivative terms, such as χ¨2 and B¨2.
Nevertheless this should only describe two physically-propagating degrees of freedom. Hence, we
expect there ought to exist a suitable field redefinition, for instance involving a linear combination
of B˙′, B˙, B, χ˙ and χ, that would make this manifest. However this is technically challenging, and
we have not been able to explicitly find the desired change of variables.
5 Discussion
General scalar tensor theories allow for a host of new approaches to the problems of modern
cosmology. Perhaps the most fundamental theoretical constraint one can put on such theories is
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that they be ghost-free, and the clearest way to guarantee this is to restrict to second-order equations
of motion. The resulting models — Horndeski theories and their generalizations — admit a rich
phenomenology in general, and have been exploited for applications to both the early and the late
universe. A particularly interesting subclass of these theories that has proven to have interesting
cosmological implications consists of shift-symmetric theories. These models admit solutions that
break time-translation invariance in a simple and interesting way, and as a byproduct, they evade
a number of established black hole theorems in the literature. Their hairy black hole solutions
provide both an interesting playground for constraining these theories through observational tests,
and the possibility of new theoretical problems that allow us to further shrink the space of allowable
models.
In this paper, we have studied the stability of a class of such hairy black hole solutions, and have
identified a fatal instability. Taken together with previous results, our analysis allows a strong
statement, that non-trivial black hole solutions with X¯ = constant 6= 0 in Horndeski theories are
ruled out. These classical solutions are either unstable, or the effective field theory of perturbations
around them is strongly coupled and cannot be trusted.
This result complements earlier studies [52] of cosmological solutions and wormholes, especially
of alternatives to inflation, in which other problems of Horndeski theories have been identified.
We can think of at least two ways in which the result in this paper might be evaded by changing
some of our key assumptions. One possibility is that the types of time-dependent hairy solutions
that we consider might be stable in so-called beyond Horndeski or DHOST theories. Another
possibility would be to consider the Horndeski terms as a subset of the operators allowed in a
full effective field theory treatment (see, for example, [53]), and to search for an effective operator
that stabilizes the perturbations. The effective field theory (EFT) for quasinormal modes of a
spherically-symmetric space-time with a scalar field inheriting the symmetry of the space-time
is derived in [26]. The essential point is that the scalar field is only a function of the radial
coordinate r, such that one can choose a space-time slicing in which different constant values of φ
define the slicing in r (analogous to unitary gauge in the EFT of inflation). Thus, from the EFT it
is not hard to identity the corresponding operators that stabilize the throat of a wormhole [54], for
example. However in the case we are considering, the presence of a time-dependent scalar makes
for a much more complicated system.
In future work we will attempt to complete the analysis of Sec. 4.3 for even-sector perturbations
with arbitrary `. Furthermore, we will generalize our analysis to the case of asymptotically de
Sitter and anti-de Sitter black hole solutions.
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A Lemaˆıtre coordinates for static, spherically-symmetric space-
times
Lemaˆıtre-type coordinate systems are examples of synchronous coordinate systems, in the sense
that the global time of the metric matches the comoving time τ of the observer:
gττ = −1 . (A.1)
We start from the fact that, in general, a static, spherically-symmetric space-time can be written
in Schwarzschild-type coordinates as
ds2 = −f(r)dt2 + dr
2
g(r)
+ r2dΩ2 . (A.2)
Lemaˆıtre-type coordinates for this metric are then given by
ds2 = −dτ2 + (1− f(r))dρ2 + r2dΩ2 , (A.3)
with
dτ = dt+
√
1− f(r)
f(r)g(r)
dr ; dρ = dt+
1√(
1− f(r))f(r)g(r)dr . (A.4)
As a special case, the Schwarzschild metric, with f(r) = g(r) = 1 − rsr , becomes in Lemaˆıtre
coordinates
ds2 = −dτ2 + rs
r
dρ2 + r2dΩ22 , (A.5)
with
dτ = dt+
√
rsr
r − rs dr ; dρ = dt+
√
r3
rs
1
r − rs dr . (A.6)
These integrate to
τ = t+ 2
√
rrs + rs ln
∣∣∣∣√r −√rs√r +√rs
∣∣∣∣ ; ρ = τ + 23rs
(
r
rs
)3/2
, (A.7)
which imply
r =
[
3
2
(ρ− τ)
]2/3
r1/3s . (A.8)
Trajectories of constant ρ are time-like geodesics, freely-falling into the black hole and ultimately
hitting the singularity at ρ − τ = 0. Note also that the Lemaˆıtre coordinates cover half of the
maximally-extended Schwarzschild black hole region (the “in-going” regions I and II) [35].
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B Scalar-vector-tensor spherical harmonics
The building blocks of the scalar-vector-tensor (SVT) decomposition on the two-sphere are the
familiar scalar spherical harmonics, Y m` (θ, ϕ), assumed to be real-valued. They are defined as
usual as eigenfunctions of the angular Laplacian,
gAB∇A∇BY m` (θ, ϕ) = −`(`+ 1)Y m` (θ, ϕ) , (B.1)
where gAB and ∇A are respectively the metric and covariant derivative on the two-sphere, with
A,B indices denoting angular coordinates θ and ϕ. The spherical harmonic Y m` (θ, ϕ) has parity
eigenvalue (−1)`, and the spherical harmonics satisfy the orthonormality relation:∫
dΩY m` (θ, ϕ)Y
m′
`′ (θ, ϕ) = δmm′δ``′ . (B.2)
Vector and tensor spherical harmonics can be expressed as derivatives of the scalar harmonics Y m` .
Our conventions are those of [48]. Vector spherical harmonics can be decomposed into components
of opposite parity,
Y mA` (θ, ϕ) = ∇AY m` (θ, ϕ) ; X mA` (θ, ϕ) =  BA ∇BY m` (θ, ϕ) , (B.3)
with parity (−1)` and (−1)`+1, respectively. It is customary in the literature to refer to Y mA` ’s as
even (or electric-type) vector harmonics, and X mA` as odd (or magnetic-type) vector harmonics.
The orthonormality condition (B.2) implies∫
dΩ gABY mA` Y
m′
B `′ = `(`+ 1)δmm′δ``′ ;∫
dΩ gABX mA` X
m′
B `′ = `(`+ 1)δmm′δ``′ ;∫
dΩ gABX mA` Y
m′
B `′ = 0 . (B.4)
Similarly, tensor spherical harmonics decompose into components of opposite parity,
Y mAB ` (θ, ϕ) =
(
∇A∇B + 1
2
`(`+ 1)gAB
)
Y m` (θ, ϕ) ;
X mAB ` (θ, ϕ) = 
C
(A ∇B)∇CY m` (θ, ϕ) , (B.5)
with respective parity of (−1)` and (−1)`+1. As with vector harmonics, we refer to Y mAB ` as even
(or electric-type) tensor harmonics, and X mAB ` as odd (or magnetic-type) tensor harmonics. The
orthonormality relation (B.2) in this case implies∫
dΩ gACgBDY mAB ` Y
m′
CD `′ =
1
2
(`− 1)`(`+ 1)(`+ 2)δmm′δ``′ ;∫
dΩ gACgBDX mAB ` X
m′
CD `′ =
1
2
(`− 1)`(`+ 1)(`+ 2)δmm′δ``′ ;∫
dΩ gACgBDX mAB ` Y
m′
CD `′ = 0 . (B.6)
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C Contributions to the equations of motion from L3 and L5
In this Appendix we collect the remaining terms in the scalar equation of motion and Einstein’s
field equations for the shift-symmetric Horndeski theory (2.1) discussed in Sec. 2.1.
The scalar field equation of motion is given by
Eφ2 + Eφ3 + Eφ4 + Eφ5 = 0 . (C.1)
with Eφi and Tiµν derived from the corresponding Li in (2.2). The contributions Eφ2 and Eφ4 are
given in (2.8). The explicit expressions for Eφ3 and Eφ5 are
Eφ3 = ∇µ
(
G3,X
(
φ∇µφ+∇µX)) ;
Eφ5 = ∇µ
(
− 6G5,X
(
Gµν∇νX +Gρσφρσ∇µφ
)
+G5,XX
(
(φ)3 − 3φφρσφρσ + 2φ σα φ ρσ φ αρ
)
∇µφ
+ ∇ν
(
G5,X
[
3(φ)2gµν − 3φρσφρσgµν − 6φφµν + 6φµρφρν
] ))
. (C.2)
For our black hole background, the Einstein field equations for the metric tensor require the
vanishing of the total stress-energy tensor:
T2µν + T3µν + T4µν + T5µν = 0 . (C.3)
The contributions T2µν and T4µν are given in (2.9). The explicit expressions for T3µν and T5µν are
T3µν = G3,X
(
φ∇µφ∇νφ− gµν∇ρφ∇ρX + 2∇(µφ∇ν)X
)
; (C.4)
T5,µν =
{
G5,X
(
Rρσ
[
6∇ρφ∇σφφ+ 12∇ρφ∇σX]− 3R∇ρφ∇ρX − 6Rαβρσ∇αφ∇ρφβσ
−2[(φ)3 − 3φφρσφρσ + 2φ σα φ ρσ φ αρ ])
+ G5,XX
(
6φρσ∇ρX∇σX − 6φ∇ρX∇ρX − 3
[
(φ)2 − φρσφρσ
]∇αφ∇αX)}gµν
+
(
G5,XX
[
(φ)3 − 3φφρσφρσ + 2φ σα φ ρσ φ αρ
]− 6G5,XGρσφρσ)∇µφ∇νφ
+ 6G5,XXφ∇µX∇νX +
(
6G5,XR+ 6G5,XX
[
(φ)2 − φρσφρσ
])∇(µφ∇ν)X
+ 6
(
G5,X
[
(φ)2 − φρσφρσ −Rρσ∇ρφ∇σφ
]
+G5,XX
(∇ρX∇ρX +φ∇ρφ∇ρX))φµν
+ 12G5,XX
(
∇αXφαβφβ(µ∇ν)φ+∇ρXφρ(µ∇ν)X −φ∇ρXφρ(µ∇ν)φ
)
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−
(
12G5,Xφ+ 6G5,XX∇ρφ∇ρX
)
φ ρµ φρν + 12G5,Xφαβφ
β
µφ
α
ν
− 6G5,X
(
2(φ∇ρφ+∇ρX)Rρ(µ∇ν)φ− 2Rρσ∇ρφσ(µ∇ν)φ+ 2∇ρRρ(µ∇ν)X −∇ρφ∇ρXRµν
+ 2∇αφφρσRαρσ(µ∇ν)φ−Rρ(µν)σ∇ρφ(φ∇σφ+ 2∇σX)− 2∇ρφ∇αφRασρ(µφσν)
)
.
(C.5)
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